As the magnetic storage density increases in commercial products, e.g. the hard disc drives, a full understanding of dynamic magnetism in nanometer resolution underpins the development of next-generation products. Magnetic force microscopy (MFM) is well suited to exploring ferromagnetic domain structures. However, atomic resolution cannot be achieved because data acquisition involves the sensing of long-range magnetostatic forces between tip and sample. Moreover, the dynamic magnetism cannot be characterized because MFM is only sensitive to the static magnetic fields. Here, we develop a side-band magnetic force microscopy (MFM) to locally observe the alternating magnetic fields in nanometer length scales at an operating distance of 1 nm. Variations in alternating magnetic fields and their relating time-variable magnetic domain reversals have been demonstrated by the side-band MFM. The magnetic domain wall motions, relating to the periodical rotation of sample magnetization, are quantified via micromagnetics. Based on the side-band MFM, the magnetic moment can be determined locally in a volume as small as 5 nanometers. The present technique can be applied to investigate the microscopic magnetic domain structures in a variety of magnetic materials, and allows a wide range of future applications, for example, in data storage and biomedicine.
U nderstanding the nature of ferromagnetism on nanometre length scales underpins the development of commercial products, such as computer hard disc drives, magnetic random access memory chips, and so on [1] [2] [3] [4] [5] [6] . The development in microscopy and magnetic imaging techniques, including magneto-optical Kerr microscopy, scanning transmission X-ray microscopy, photoemission electron microscopy, Lorentz microscopy and electron holography, have facilitated the studies of magnetic domains, magnetization reversals and magnetization dynamics [7] [8] [9] [10] [11] [12] . In addition, recent advances in the cavity-enhanced magneto-optic Kerr effect 13 , the near-field Brillouin light scattering technique 14 , ultrafast x-ray microscopy 15 , and other time-resolved measurements 16, 39 , have further motivated the researches on magnetization dynamics of nanomagnets with superior spatiotemporal resolution. Each of these methods exhibits specific virtues, however, locally observing and quantifying the alternating magnetic field variations, and the relating time-variable magnetic domain structures with nanometer resolution, is difficult to be achieved, although these pose severe problems to the development of commercial devices [17] [18] . Magnetic force microscopy (MFM) is the state-of-the-art tool used to explore the local magnetic states with superior resolution [19] [20] [21] [22] [23] . However, for the observations of individual device in commercial products, e.g. the magnetic write head, current MFM technique shows at least two serious drawbacks: (1) The tip-to-sample distance in MFM is far beyond the flying height of write head currently under development. The problem cannot be solved simply by reducing the lift distance, at that point MFM mixes magnetic, Van der Waals, and electrostatic forces [24] [25] . (2) MFM is only sensitive to the static magnetic fields or field signals whose frequency component is close to the mechanical resonance of the cantilever (v 0 5 2pf 0 ). The magnetic fields leaking from pole tips with an operating frequency not close to v 0 cannot be detected and ultimately disappear below the detection threshold [26] [27] . Here, we develop a side-band MFM method to locally observe the alternating magnetic fields, as well as the time-variable magnetic domains with 5 nm lateral resolution. This technique uses the side-band frequency modulation (FM) [28] [29] of the cantilever resonance. The alternating magnetic force can periodically modulate the effective spring constant of the cantilever. The motion equation of the MFM tip can be given by
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where z, m, c and k 0 are the displacement, effective mass, damping factor, and intrinsic spring constant of the MFM tip, respectively. Here, Dkcos(v m t) represents the periodic change in the effective spring constant due to AC magnetic force (modulation frequency v m ), and F 0 cos(v c t) denotes the oscillating force driven by a piezoelectric element (driven frequency v c ). By adjusting the oscillation frequency v c to satisfy the condition of v c 2v m 5 v 0 , the cantilever displacement can be given by Figure 1 shows the side-band FM phenomenon in the tip oscillation formed by applying a modulation frequency of v m . From the spectra of the tip oscillation, the intensity of the left side-band spectrum (v c 2 v m ) increases due to the resonance of the cantilever, meanwhile, the signal of the right side-band spectrum (v c 1v m ) disappears owing to the mechanical filtering effect of the MFM tip. Therefore, lock-in measurement at the left side-band spectrum makes it possible to detect alternating magnetic fields with a measurable frequency up to GHz. Figure 2 shows the schematic diagram of the side-band MFM system based on a conventional JSPM-5400 (JEOL Ltd.) scanning probe microscope. In the MFM system, the cantilever is oscillated by a piezoelectric element (oscillation frequency f c ), while the alternating magnetic field (driving frequency f m ) from the write head periodically modulates the effective spring constant of the cantilever. The frequency-modulated signals (f 5 f c 6 f m ) are auto selected by the mechanically oscillated tip. However, only the left side-band spectra (f 0 5 f c 2 f m ) of the tip oscillation close to the resonance of the cantilever can be enhanced. The side-band signal (f 0 5 f c 2 f m ) is sensed by a photo detector with a Laser Doppler Vibrometry and fed into a lock-in amplifier as an input signal. The driving voltages of the piezo and the write head are processed by a multiplier and low pass filter, and the processed signal is used as a reference for lock-in amplifier. The vector signals of AC magnetic field gradients, such as amplitude and phase, in-phase and out-of-phase signals can be detected simultaneously by the lock-in technique. The experiment is conducted in an air atmosphere. The oscillation frequency (f c ) of the piezoelectric element is higher than the resonant frequency (f 0 ) of the tip. The f c , f 0 and Q values are approximately 500 kHz, 300 kHz and 600, respectively. The sample is a trailing-edge shielded single-poletype head (Fujitsu SPT head). The head is driven by a sinusoidal AC current with a zero-to-peak amplitude of 20 mA and a frequency of 200 kHz. Tapping and lift mode AFM/MFM scans are carried out using a high-coercivity MFM tip (SI-MF40-Hc, Nitto Optical Co., Ltd) coated with 20 nm L1 0 -FePt film. Figure 3 shows the side-band MFM images of the studied write head, along with a topographic image. Figure 3 (a) clearly shows a typical shielded SPT head structure with a trailing shield/return pole (The inset image shows the schematic drawing of the SPT head, and the 3-Dimensional structure of the head is shown in Supporting Information, SECTION 1). The main pole and trailing shield are embedded in the non-magnetic texture with a head gap separation. Figure 3 (b) shows the corresponding amplitude image of the alternating magnetic field gradients around the main pole. It can be seen that the strong signals are formed at the pole near the edges of main pole, and the weak signal is obtained at the trailing shield near the gap. Figure 3(c) shows the corresponding MFM phase image. This image is like a two-valued image, and the phase difference between the bright and dark areas is approximately 180u. By using a highcoercivity FePt tip, we can clearly observe the positive and negative components of alternating magnetic field gradients, indicating that the magnetic forces on the MFM tip change polarity, and the magnetic field direction at the main pole is opposite to the one at the return pole/trailing shields (The side-band MFM imaging of another write head (Hitachi SPT head) is demonstrated in Supporting  Information, SECTION 2) .
Figures 3(d) and (e) show the measured in-phase and out-of-phase images corresponding to Figures 3(b) and (c), obtained during the same scan of the tip oscillation. The MFM in-phase image is obtained by adding an extra phase of 60u to the lock-in amplifier so that the out-of-phase signal becomes zero. In this case, the phase shift of the alternating magnetic field with respect to the driving head voltage, arising from the electronics (including the resistor-inductor circuit) and magnetics, can be compensated. The in-phase image is well characterized as the perpendicular component of alternating mag- netic field gradients with respect to the head surface. Meanwhile, the out-of-phase image of Figure 3 (e) represents the longitudinal component of magnetic field gradients, and the enhanced contrast is only observed at the head gap. The results indicate that the magnetization at main pole rotates perpendicular to the head surface. In this case, the maximum and minimum intensities of perpendicular field gradients are obtained at the main pole/trailing shield edge. However, the maximum or minimum intensities of longitudinal field gradients are captured at the head gap, as seen in the line profiles marked in Figures 3(d) and (e). One way of understanding the magnetic field characteristic is to compare the measured MFM images with the simulated ones. Here, we demonstrate a deconvolution technique combined with micromagnetics, to quantify the time variable magnetic fields, as well as the detailed magnetic domain reversals in the pole tips.
The measured MFM signal is considered as the convolution of the gradient of stray magnetic field from the magnetized surface and the tip's sensitivity field, and the magnetic pole density distribution can be derived from the inverse of Fourier transformation [30] [31] ,
where k x , k y are the wave vectors in Fourier space, Q(k x, k y ) the magnetic force gradient, G r (k x, k y ) the MFM tip Green's function, r max the maximum magnetic charge density at the pole area, and r i the normalized magnetic charge in the ith cuboid mesh. The value of r max is determined by M n , 1 N grids
, where N grids is the number of grids or meshes, and M n the perpendicular magnetization calibrated by a vibrating-sample magnetometer. By using the ''magnetic monopole approximation'' and assuming that the measurement is done with the constant tip-sample space (Quantification of the magnetic point monopole is described in Supporting Information, SECTION 5) , the Green's function for a point magnetic monopole tip (q m ) with respect to a point magnetic charge can be analytically obtained in the frequency domain [32] [33] . The two-dimensional Fast Fourier Transforms (FFTs) are used to implement this algorithm numerically. A window function is used before performing the deconvolution procedure. The cut-off wave vectors of the window filter are set to k x 5 k y 5 400 (1/mm). After reconstruction of the magnetic charge distributions by Equation (3), we established an accurate micromagnetic model to study the magnetic domain reversals in the pole tips. In each cuboid cell, the total effective magnetic fields include the external field, the anisotropy field, the exchange field and the demagnetizing field. In the micromagnetic modeling, the magnetic pole density is treated as the input driven force for the magnetic domain evolution, and the simulations of the magnetization reversals are accomplished based on the LLG equations. Figure 4 (a) and (b) show the quantified in-phase 2D image and its corresponding 3D one exhibiting the magnetic field distributions of a Fe-Co pole tip. The magnetic field is obtained bỹ
In the calculation, the adjusted tipto-sample distance h 5 8 nm shows good agreement with experiment data, as shown in Figure 5 (d). Compared with the operating distance h 5 1 nm, the calculation indicates that the effective magnetic point monopole locates somewhere within the magnetic tip 34 . The value of r max 5 1.92 T is determined using a vibrating-sample magnetometer by applying an effective DC current to the head. This value is smaller than the saturation magnetization of the FeCo pole tip with 4pM S < 2.4 T, suggesting that the studied head is unsaturated when applying an AC current of 20 mA. Based on the images of Figures 4(a) and (b) , we can clearly observe the alternating magnetic field (H z ) emanating from main pole and easily evaluate the recording performance, such as magnetic writing width, z-component of magnetic field values, H z profiles in both down-track and cross-track directions, and so on. This plays a crucial role for head design and analysis (Example of a recording process along a single track is shown in Supporting Information, SECTION 6 ). It is also noted that there is a big difference between Figure 4 Supporting Information, SECTION 3) . When r max 5 0 at the moment of t 0 , the micromagnetic results of Figure 4 (d) clearly show the closure type magnetic domains, and both the clockwise and anticlockwise rotating features are observed. In this case, no stray field can be observed around the pole tip. The first motions of the domain walls are observed when the driven magnetic pole density r max 5 0.59 T, as shown in Figure 4 (e). The area of the domains magnetized in the driven force direction increases, and the center of the closure domains located at the bottom edge of the pole tip is shifted to the right side. These domain wall motions result in the leakage of the stray field from the pole tip. With an increase in the magnetic driven pole density (Figures 4(f)-(g) ), the centers of the closure domains are shifted and disappear at the side edges of the pole tip where the domain walls are pinned. With further increasing the driven force, the domain wall moves along the side edge of the pole tip so that the stray field becomes stronger (Figures 4(h) ). Figure 4(i) shows the magnetic domain image obtained from the remnant state when the driven pole density reduces to zero. It is interesting to note that the Figure 4 (i) has different domain structures from those illustrated in Figure 4(d) . It is presumably considered that the irreversible and hysteretic feature might be due to the Supporting Information, SECTION 4) .
Figures 5 (a) and (b) show the measured and simulated MFM images, respectively. By working out the first order derivative LH z Lz above head surface, we can obtain the calculated MFM image. The remarkable agreement between the simulation and experiment indicates that our method performs well. Figure 5(c) shows the spatial resolution analysis of the signal processed MFM image ( Figure 5(b) ). In this work, the MFM resolution is estimated from the maximum detectable frequency (k c ), where the intensity of MFM signal spectrum reduces to the white background level (thermodynamic noise of cantilever) 28, [35] [36] [37] [38] . The MFM resolution is estimated as half of the critical wavelength l c~1 2k c (The determination of spatial resolution is described in Supporting Information, SECTION 7) . In Figure 5 (c), the critical frequency k c < 91(1/mm), therefore, the estimated resolution is around 5 nm under the ambient condition with an operating distance of 1 nm (The accurate control of the tip-sample distance is demonstrated in Supporting Information, SECTION 8 ).
In side-band MFM, we use a lock-in amplifier, which enables us to detect smaller AC force signal than the conventional MFM. The smaller minimal measurable force signal with its high signal amplitude and signal-to-noise ratio results in a better resolution in sideband MFM than the conventional one (The comparison between conventional MFM and side-band MFM images is demonstrated in Supporting Information, SECTION 9) . Moreover, based on the side-band technique, the MFM tip may get close to the sample surface (a few nanometers) without mixing the atomic force. Therefore, we analyze the spatial resolution of MFM image with an operating distance of 1 nm. In addition, using the deconvolution technique, the processed MFM image ( Figure 5(b) ) shows no dependence on the tip and exhibits improved MFM signals compared to Figure 5(a) . Finally, the local observation and quantification of alternating magnetic fields, the time-variable magnetic domains, as well as the domain wall motions, have been demonstrated with a side-band MFM. Based on the side-band MFM, the magnetic moment can be determined locally in a volume as small as 5 nanometers. The present technique can be applied to investigate the microscopic magnetic domain structures in a variety of magnetic materials, such as highdensity recording media (The imaging of nanoscale domain structures in a perpendicular magnetic recording media is demonstrated in Supporting Information, SECTION 8) , ultrathin films, nanoparticles, patterned elements, as well as other magnetic features and nanostructures, which opens up the possibility for directly observing the alternating magnetic fields with superior spatial resolution, and sheds light on the development of next generation commercial products.
Methods
Theory for imaging the rotation of magnetization. In side-band MFM, the SPT head is driven by an AC current, and the magnetic moment (M ac sample ) of head rotates periodically near the sample surface,
where M ac z and M ac x are the amplitudes of perpendicular and in-plane magnetization components, respectively.
When the MFM tip behaves as a monopole-type tip, the effective change in the spring constant Dk of the cantilever is given by 
where z is the displacement of the tip in perpendicular direction, m the effective mass of the tip, c the damping factor of the oscillation, k 0 the intrinsic spring constant of the cantilever and F 0 the force driven by a piezoelectric element with a frequency of v c . Therefore, the cantilever displacement can be given by 
By using a lock-in detection technique, the orthogonal in-phase (X) and quadrature (Y) signals, which correspond to the cosine and sine terms of the above equation, respectively, can be detected with high sensitivity in the following equations 
Therefore, the alternating magnetic fields variations, and the relating time-variable magnetic domain reversals can be demonstrated by adding an extra phase (v m Dt) to the lock-in amplifier.
